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I N T R O D U C T I O N .
Portions of the growth process in many animals, including man, have been shown to be of an autocatalysed character, that is it has been shown that they increase in velocity as they proceed. In some of these instances it has further been found that they obey the time relations expressive of a monomolecular reaction in which the velocity constant is proportional to the mass of one of the products? The curve which defines such a relationship between mass of the product and time is strictly symmetrical about the point of maximum velocity. The period of increasing velocity is equal in amplitude to the succeeding period of decreasing velocity. The curve of growth is then an Sshaped curve which is defined by the equation: where x is the growth attained, A is the maximum growth attainable in the cycle under consideration, tl is the time required to attain one-half the maximum growth, and k is the specific velocity-constant of the reaction which is itself, of course, independent of the mass of any of the reacting components of the system.
In other instances it has been found that the increase of mass with time, which constitutes growth, is autocatalysed, but not symmetrically, the period of increasing velocity being of greater amplitude than the period of decreasing velocity. In such cases the curve of growth is defined by an equation of the type:
x-I-B log --K (t - where B is a constant3 The velocity of the reaction is no longer zero when x is zero and the curve does not approach the time-axis asymptotically, but cuts it at an angle. The complete growth of an animal, and of most plants, however, consists of more than one of these autocatalysed growth-cycles, s and in the majority of instances the growth-equations which have been fitted to experimental data have concerned only one of the several cycles into which the total growth of the animal or plant may be resolved. It cannot be asserted, as yet, that the growth of any multicellular organism has been completely analysed into its component cycles, with the appropriate formula fitted to each of them. The difficulties which stand in the way of such a complete analysis are in part experimental, and in part mathematical, for on the one hand we possess fragmentary and uncertain data, or none at all, concerning the growth of almost all animals and plants at certain most important periods of their lives, for example, the intrauterine growth of mammals and the late growth of most animals, including man. On the other hand, the several growth processes in an animal or plant are not as a rule successive, but more frequently concurrent, so that as one cycle is approaching completion another is only half completed and a third may be beginning. This introduces an element of considerable complexity into the mathematical analysis of growth-curves, as will become apparent from what follows. When the cycles are sharply separated, as in the growth of the dairy cow# or almost isolated, as in the infantile growth-cycle in man, 5 the fitting of the autocatalytic formula to the curve is not a matter which presents any great difficulties with the aid of tables 6 and the use of appropriate graphical methods. 4 When, however, two or more cycles are simultaneously in progress the computation of the parameters of the several interfused curves is rendered much more difficult and frequently can only be achieved by a rather laborious process of successive approximation.
2 Enriques, P., Biol. Centr., 1909 , xxix, 331. Prescott, J. A., Sultanic Agric. Soc. .Bull., No. 13, Cairo, 1924 . Brody, S., J. Gen. Physiol., 1925 3 Robertson, T. B., Arch. Entwcklngsmechn. Organ., 1908, xxv, 581; xxvi, 108. *Brody, S., and Ragsdale, A. C., J. Gen. Physiol., 1920-21, iii, 623. 6 Robertson, T. B., Am. J. Physiol., 1915, xxxvii, 1; 1916 , xli, 535. s Robertson, T. B., Univ. California Pub., Physiol., 1915 ; The chemical basis of growth and senescence, Monographs on experimental biology, Philadelphia, 1923 . Appendix.
Notwithstanding these difficulties the attempt has been made in several instances to define the whole of the growth of an animal in algebraical terms. Thus Robertson has defined the growth of man in terms of three curves of autocatalysis which are superimposed on one another and are partially concurrent. 1 The fit of the calculated to the observed curves is extremely good so far as the observations extend, but suffers the defects that the infantile growth-curve was obtained from a different group of individuals to that which supplied the remainder of the data, that the early juvenile growth (from 1 to 5 years of age) and the late growth (from 24 years to senescence) are very imperfectly known and that accurate data concerning intrauterine weight-increase are unavailable for the races which supplied the growthdata. It is for this combination of reasons, probably, that any considerable extrapolation from the observed data leads to failure of fit. Thus for British males if we put t = --0.75 years, which corresponds to the beginning of gestation, the total weight due to the three cycles which evidently constitute the growth process in man is found to be no less than 6 kilos, which is, of course, absurd. The reason alike for the closeness of fit to the observed data and the failure of fit during the early periods of growth is that the juvenile and adolescent cycles, which are represented by the symmetrical formula, are, in fact, asymmetrical, and should be represented by formulee of the type (ii). The curves which represent these formulae diverge to a maximum extent when x = 0 and thereafter approach one another until they coincide at x = A (see Fig. 1 ). For values of t exceeding that at the point of inflexion of the curves (tl) any curve which is actually represented by an equation of the type (ii) may be fairly satisfactorily fitted to an equation of type (i). But the data which would be most essential to enable us to distinguish between the two forms and particularly to ascribe a correct value to the constant B in equation (ii) are, in the case of the human quite unavailable. 7 Similarly, Brody and Ragsdale 4 have fitted the extrauterine growth of the cow to two symmetrical autocatalytic equations of type (i), but if we put t = -10.0, corresponding to the beginning of gestation, in the equation for the first growth-cycle of the Holstein cow:
x log 550 --x =' 0.158 (t --4.5) where x is expressed in pounds avoirdupois and t in months, we find that x =2.75 pounds which, again, is impossible. The observations of Donaldson upon the growth of the white rat,s the most extensive and accurate data upon the growth of any animal which we possess, have been fitted by Robertson to two autocatalytic curves of the symmetrical type) but here, again, extrapolation from the fitted data to the beginning of gestation shows that the curves are, in reality, of the asymmetrical type, for the weight at the beginning of gestation due to the second and third cycles of growth, as represented in the equations, is 1.56 gin.
From these previous attempts to portray the whole of the growth of an animal in graphical and algebraical terms, two conclusions emerge quite dearly. The first is that growth-curves are not, as a rule, symmetrically autocatalysed but, on the contrary, are of the asymmetrical type definable by equations of type (ii). The second conThese data are the growth during the 2nd, 3rd, 4th, and 5th years after birth, and the growth in utero. The growth of children between 2 and 6 years of age nclusive has recently been measured with exactitude by Woodbury (U. S. Dept. Labor, Children's Bur., Pub. No. 87, 1921) but these children were of various races inhabiting the American environment, and since both race and environment are capable of affecting the magnitude of the parameters of the growth-curve, the data obtained by Woodbury are presumably not applicable to British or Belgians, from which races the data were obtained to which the curves were fitted. clusion which we are entitled to draw is one of exceedingly fundamental importance to any theoretical interpretation of these quantitative relationships. It is that the several growth cycles which together achieve the growth of an animal are mutually independent. The substrates of one growth-cycle may be and probably are the same as those of another since physiological mechanisms in the higher animals tend to preserve a constant nutritional level in the tissue fluids whether growth occurs or not. t The product of each of the autocatalytic processes, however, must be perfectly distinct from the product of any other, in so far as its influence upon the reactions which determine the occurrence of growth is concerned, for if the product of one autocatalytic process were able to accelerate and ultimately retard another, the velocity of accretion of weight due to the combined processes would be defined by the equation
in which k' and k" are the respective velocity-constants of the two autocatalytic processes, A t and A" are the corresponding maxima of growth achieved by each of the processes, and x is the total accretion of weight. This equation may be rearranged and written as follows:
which, when integrated, yields an equation of type (i), differing from it only in the numerical values of the parameters, k' + k" being subk'A' + k"A" stituted for k and -for A. From this it is evident that k' + k ~ any number of concurrent autocatalytic processes of which the products are identical or interchangeable will yield a simple autocatalytic relationship between the mass of their combined products and the time. The several processes, in other words, must lose their identity in the combined result.
We cannot, of course, tell to what extent such a fusion of some or many autocatalysed processes into a single autocatalysed curve may occur in the growth of any organism. 9 Probably each autocatalytic 9 It is probable that when autoeatalytic processes fuse during growth, their constants (k and 6) are not very divergent in value, for otherwise the slower of two processes would not have reached the stage of nuclear division before the faster was concluded, x Cytoplasmic growth, which is that which is actually measured in these experiments, is of course the consequence of antecedent production of nuclei, and the characteristic parameters of any cycle must have been determined by the precedent nuclear growth.
cycle of growth represents the fusion, in the manner indicated, of very many different autocatalysed processes. But such fusion is contingent upon the universal presence, within all parts of the growing system, of a common catalyst which is one of the products of each of the various processes which participate in the determination of the outcome, that is, upon the phenomenon of allelocatalysis. ~° In the growth of the higher animal, however, there appear to be invariably three distinct autocatalytlc cycles which do not fuse in the sense of sharing a common product, but are merely superadded to one another, the addition of their separate effects yielding the totality of the growth achieved at any moment. The catalyser produced by one cycle is not a catalyser for another, either because it is a different substance or, alternatively, because the conditions attending its production, or substances with which it is associated, prohibit its distribution to any other than certain types of cells or its penetration to those portions of these other cells which determine their growth or multiplication, n So far as the autocatalyst is concerned, therefore, any given cycle o] growth is completely closed to any other.
These prefatory considerations are designed to render clear the point of view from which the succeeding analysis of the growth of the white mouse into its component processes has been carried out. For many years the author, in collaboration with L. A. Ray and others ~2 has been engaged in accumulating accurately controlled data concerning the growth of the white mouse. The experimental results have been analysed statistically and the probable errors of the measurements have been computed. In fitting such data to any algebraical formula therefore we possess the advantage of being able 1o Robertson, T. B, Biochem. J., 1921, x-c, 612; 1924 , xviii, 1240 Y. Physiol., 1922; lvi, 404; Australian J. Exp. Biol. and Med. Sc., 1924, i, 151. 11 That is, the separability of the growth-cycles may not depend upon chemical differences between their respective autocatalysts, but upon an inability to disseminate the catalyst, or the condition which constitutes the catalytic agent, to the cells which participate in the other growth-cycles. It should be recollected that mathematical analysis of the time-relations of growth may reveal the existence of autocatalysis, but cannot throw any light upon the nature of the catalyst itself, which, so far as this type of evidence is concerned, may be a physical condition just as readily as it may be a chemical substance.
~2 Robertson, T. B., and Ray, L. A., J. Biol. Chem., 1916, xxiv, 347,363,385, 397; Robertson, T. B., xxv, 635, 647. Robertson, T. B., and Ray, L. A., J. Biol. Chem., 1919, xxxvii, 377,393,427,443,455; 1920, xlii, 71; xliv, 439; Australian J. Exp. Biol. and Med. Sc., 1925, ii, 91, 173. to distinguish between those deviations of theory from experiments which are permissible, that is, within the probable errors of the ascertained averages, and those which are due to genuine lack of fit or to environmental or dietary fluctuations which have escaped control. Notwithstanding the numerous data of this kind which have been available for some years, it has not hitherto proved possible to analyse the growth of the white mouse into its component processes. This has arisen from the fact that the three autocatalytic cycles which contribute to the total growth of the animals are so intermingled that throughout the most rapidly growing period of its life the growth of the white mouse is being affected to an important degree by all of the cycles simultaneously, and also from the fact that in the white mouse a fourth process contributes appreciably to the outcome which has not hitherto been detected in the growth of other animals. This I have elsewhere designated the process of "linear accretion. ''1. It is important to notice that the magnitude and slope of the "linear accretion" of weight could never have been ascertained from the data had these not included the late growth of the animals which continues very slowly for long after the attainment of sexual maturity and dimensions which might readily be supposed to be "adult" and, therefore, maximal. It is possible that in other animals also a similar linear accretion is occurring, and has escaped attention for lack of data concerning the late growth of the animals, or that in the mouse it is comparatively conspicuous because it is such a quickly-growing animal and its life-duration is so brief that the slope of the process is greater. On the other hand, it appears from Donaldson's figures s to be much less evident in the rat, which grows even more rapidly than the mouse and of which the life-duration is approximately equal to that of the mouse. The possibility remains, therefore, that the linear accretion is peculiar to certain animals, of which the mouse is one. It was not less apparent in our Californian stock of animals than it is in our present stock. It is not, therefore, limited to any particular strain of mice.
Mathematical Analysis of the Growth of the White Mouse.
In the accompanying charts (Figs. 2 and 3 ) the experimental data concerning the growth of normal white mice during the years 1921-23 l, Robertson, T. B., and Ray, L. A., Australian J. Exp. Biol. and Med. Sc., 1925, ii, 91 .
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from the 5th week of age onwards, are plotted in a manner which has been described in detail elsewhere. I~ Briefly, the growth of each group of animals is represented not, as usual, by a curve passing through the ascertained average weights, but by a shaded area, of which the centre at any age is the ascertained average weight, and the width is twice the "probable error" of the average. 14 The true curve of growth may then be stated to lie more probably within than without this area. Examination of these charts, and also of the majority of curves of mouse-growth which have previously been published ~2 reveals the fact that subsequently to the 40th week and until the occurrence of senile loss of weight, the animals undergo a gradual increase of weight which is approximately linear. Excluding slight fluctuation in the contour of the growth-area, a straight line may be drawn through this part of the growth-area, which, when produced, cuts the time-axis at a slight angle. Direct graphic estimation of the tangent of this angle yields at once the rate of increase of x during the period of purely linear increment. For example, in the females, the rate of linear increase is given by:
whence it would appear that:
x, = 0.044 t + a constant where z, is that proportion of the total weight-increment which is attributable to the linear process and t is expressed in weeks.
It is obvious, of course, that this cannot possibly be the true relationship of x, to t. It is scarcely conceivable that any process of weight-increment could begin at the moment of conception and continue throughout development at an unaltered rate, quite independently of the weight or stage of development of the organism. The extent of the "linear accretion" process during the period of varying growth-velocity which precedes 40 weeks of age cannot be determined by inspection. The constancy of growth-rate during the later periods, however, may be due to the fact that it is proportional to some factor which is constant by about 40 weeks and thereafter until senescence supervenes. Such a factor would be the weight-accretion due to autocatalytic cycles.
1, The error, that is, which is as likely as not to have occurred, namely 0.6745 X t, h ~-w ere # is the "standard deviation" of the series of weighings made at any given age, and N is the total number of animals weighed.
If we subtract the linear increment from the curve of total growth, the residual growth, that, namely, which is not attributable to linear increment, becomes practically constant from 40 weeks onwards. If, then, the "linear increment" (now evidently somewhat misnamed) is proportional to the growth attained at any time by autocatalytic processes, the constancy of the growth-rate due to "linear increment" after 40 weeks of age becomes comprehensible. It is not, evidently, proportional to itself as well, because it would in that case be autocatalysed and the late growth-increment would not be rectilinear, but curvilinear. It might be supposed, as an alternative, that the "linear accretion" is superadded to one or more autocatalytic processes which it accompanies concurrently, utilising the same substrates and manufacturing an identical product. Thus the differential equation for any of the autocatalytic cycles might be conceived to be: dx
where B is the growth attained by previous (concluded) cycles, x the total growth attained at time t, A the maximum growth attainable in consequence of the autocatalytic process, and C is the constant velocity of the concurrent linear process. We might imagine that when the autocatalytic process has ceased the linear process goes on. This view, however, would involve a serious misconception, for if the product of the autocatalytic and linear processes were the same, they would exert like effects upon the final equilibrium of the system. The accumulation of products due to the linear process would push the equilibrium of the autocatalytic process backwards, until, finally, the rates of production and reversion were equalised and, as in a simple autocatalytic process, a maximum weight would be asymptotically approached. The final accretion would not be linear, as it evidently is, but would lie on the concluding part of a curve of autocatalysis not differing very greatly from that which would represent the weightaccretion if the linear process were altogether absent. above-cited value (0.044) be substituted for C, and the values found below for A, B, k, and tl in the first autocatalytlc growth-cycle, the maximum attainable value of x thus calculated only differs by two-or three-tenths of a gm. from A (the maximum value due to autocatalysis alone) and falls far below the maximum weight actually attained by the animals. Moreover, of course, no curve which approaches a maximum asymptotically can possibly be made to fit the experimental results.
It is clear, therefore, that the linear process of accretion, at any rate for the period prior to senescence, is like the preceding autocatalytic cycles, independent of any other process. Its product is not interchangeable with the product of any of the autocatalytic processes.
Reverting, then, to the main argument of the analysis, it is clearly dx4 probable that -~ is proportional to the sum of the weight-increments due to autocatalytic processes. 16 On this assumption we may compute the magnitude of the linear accretion at any age by the following method of successive approximations:
The straight line which divides the growth-area between 40 weeks and the beginning of senescent loss into approximately equal (upper and lower) parts is produced backwards until it cuts the vertical line t = 0. Through the point of intersection a line is drawn parallel to the time-axisY The vertical distance from this horizontal line to the slant line at the moment that the latter permanently emerges from the growth-area (the moment of maximum weight) is taken as a is One among other ways of rendering this intelligible would be to suppose that it is proportional to the number of fully developed cells in the body of the animal.
17 It would appear more logical to produce the slant line to t = -3 weeks corresponding to the beginning of gestation. The actual linear increment throughout life, if that increment occurred from conception onwards at a uniform rate, would be slightly greater than that measured by the method employed. But as we have assumed (and, as will appear in the sequel, the fit of the theoretical to the experimental curves of growth justifies the assumption) that the "linear increment" is actually proportional to the autocatalytic increment, it follows that the total increment due to this source must be somewhat less than that calculated on the assumption that the increment occurs at a constant rate throughout life. The two errors partially annul one another, and for this reason the otherwise erroneous procedure of calculating the increment from l = 0 instead of from t = -3, was deliberately adopted. first approximation to the magnitude of the total increment due to the "linear accretion" throughout the duration of life. The residual weight after subtracting this "total linear accretion" is taken to be a first approximation to the final or "equilibrium value" of all the autocatalytic processes added together. For the females this is 23.65 gin., for the males 26.00 gin., the corresponding constant rates of linear increment per week being 0.044 and 0.0575. This constant rate of increment being due, as we have seen, to the constancy of the total increment of autocatalytic origin, we must divide it by the weight due to autocatalytic processes in order to obtain a measure of the proportionality between the rate of linear increment and the weight of autocatalytic origin. In other words, we have determined the relation:
and since we have inferred that the true relation subsequently to 40 weeks is: These values are, however, merely first approximations, which it is now necessary to correct in the following manner:
Assuming, provisionally, that for females the process of linear increment is actually given by:
or, in other words, that the linear increment during any given week is 0.00186 times the total weight of the animal less that portion of its weight which is attributable to preceding linear increment. Since the "linear increment" at the beginning of gestation may be taken as zero and the average autocatalytic weight during that week may be taken as the mean of the weight at the beginning of the week (virtually zero) and the weight at the end of the week, the amount of linear increment for the 1st week of gestation may be taken as one-half the weight at the end of the week, multiplied by 0.00186. Subtracting this from the mean weight during the succeeding week we have the mean weight of autocatalytic origin during the 2nd week of gestation, from which we can similarly calculate the "linear increase" during that week. The total linear increment is now the sum of the increments during the 1st and 2nd weeks. Subtracting this from the mean weight during the 3rd week, we again obtain the mean weight of autocatalytic origin from which we can calculate the "linear increment" for that week. Proceeding in this way we would eventually determine a "total linear increment" at the maximum weight of the animals, which would be somewhat less than the first approximation, of course, while the corresponding maximum increment of autocatalytic origin would be somewhat greater than the first approximation. These estimates are still, however, approximations, because the magnitude of the velocity-constant of the "linear increment" process was based upon the first approximation to the magnitude of the final weight of autocatalytic origin. This has now been found to be slightly incorrect and the velocity-constant of the "linear process" has to be recalculated from the corrected value. The linear increments must then be recalculated, week by week, as described, utilising this new value of the velocity-constant, until a third approximation to the max4mum magnitudes of the linear and autocatalytic increments has been obtained. In practice this third approximation differs so little from the second that it may be taken as final; a fourth approximation would yield a correction so small as to lie far within the probable error of the weight-estimations.
Unfortunately it is not possible as yet to carry out the process of analysis in the ideal manner indicated. In the first place we possess almost no data at all concerning the intrauterine growth of the white mouse. ~ So far as the linear increment is concerned this introduces laThe weight-length ratios for mouse embryos have been determined by Le Breton and Schaeffer 3° and also the nucleo-cytoplasmic ratios for mouseembryos of various weights, but the ages of the embryos are not given. a merely negligible error into its estimation because the magnitude of the total linear increment during the pre-natal period of growth is so small as to lie far within the experimental error of the post-natal weight-determinations. We may consequently assume, without introducing any appreciable inexactitude, that the weekly rate of "linear increment" is constant during the entire pre-natal period (3 weeks) and equal to the velocity-constant of the linear process multiplied by the mean pre-natal weight, that is, one-half the birthweight. The entire pre-natal "linear increment" would then be three times this product. Thus calculated, the total pre-natal "linear increment" is found to be only 0.004: gin.
In the second place, a more serious possibility of error is introduced by the fact that we do not know the birth-weight or post-natal weight increase for the first 4 weeks after birth for the animals employed in the weight-estimations depicted upon the charts. We do possess, however, a number of data concerning the early post-natal growth of the stock of mice employed in previous experiments in Callfornia. lg These data, while not necessarily applicable in detail to our present stock, may nevertheless be relied upon to furnish an estimate of the order of magnitude of the weights of white mice at birth and during the first 4 weeks of post-natal growth. The data are not differentiated as to sex of the animals weighed, because the sex of mice is not readily determinable from external characters prior to 4 or 5 weeks of age. The data are tabulated below. Chem., 1916 , xxiv, 363. Curies', E., J. Biol. Chem., 1916 , xxv, 663. Robertson, J. B~ol. C~m., 1917 Cutler ceased at 20 the assumption that Robertson, T. B., and T. B., and Delprat, M., the rate of increment from the 20th to the 21st day is the same as that from the 19th to the 20th day. The weight estimations at 3 and 4 weeks of age are very divergent, probably owing to the rapid growth and high variability of the animals at this period of their lives. The estimate of weight at 4 weeks given under the heading "Robertson and Cutler" is the mean between the estimated weight at 3 weeks, deduced from the results of Robertson and Cutler, and the experimentally ascertained weights at 5 weeks of male and female animals in the present experiments. Such an estimate must obviously afford a mere approximation to the truth, but it is evidently more nearly in accord both with the present experimental results and the previous results of Robertson (1914--15) than the value found by Robertson and Delprat. The weights given under "Robertson and Cutler" are those which will hereafter be regarded as affording the most probable approximation to the true weights of our present stock during this early period of growth. It appears likely that the error involved may not exceed the probable error of weight-estimation which is large at this period of growth, on account of the high variability of rapidly-growing animals? 0
In any case the error introduced into the estimation of the "linear increment" by these approximations is of negligible magnitude, since the total linear increment by 4 weeks of age is but a twentieth of a gin. There can be no doubt that any correction to which this figure may be subject would be totally beyond experimental detection. The first autocatalytic growth-cycle will be little affected, or not at all, by these various approximations, because so large a proportion of it lies within the period of experimental measurement (5 weeks of age onwards) that this cycle is virtually determined by the experimental results and by the limiting condition that xl = 0 when t = -3 weeks. The third growth-cycle will be little affected or not at all, because it lies almost wholly outside the region of merely approximate knowledge. The rapidly rising portion of the second growth-cycle, however, centres at 2 weeks and lies almost wholly within the region of approximation. The possible effect of this upon the parameters of the second autocatalytic cycle will be discussed later.
The magnitude of the "linear increment" from week to week of age having now been determined, the residual weights, after subtraction so Robertson, T. B., ] . Biol. Chem., 1916, xxiv, 363; Am. J. Physiol., 1916, xli, 547. of the linear increments, represent growth which we have assumed to be of autocatalytic origin. This assumption is justified by the fit between the experimental data and the requirements of calculation from three superimposed autocatalytic cycles of growth, the parameters of which may be determined in the following manner.
The final magnitude of the total autocatalytic increment has been estimated to be 24.00 gm. for females and 26.10 gm. for males. The corresponding numerical values of the velocity-constants of the "linear increment" processes are 0.00183 in males and 0.00220 in females. We may illustrate the method of subsequent procedure by that employed in the case of the females:
From the inspection of the contour of the experimental growtharea, which suggests a change of curvature in this neighbourhood, the value of tl for the autocatalytic process which governs this period of the growth of the animals is assumed, as a rough approximation, to be 11 weeks. ~j Supposing the whole of the autocatalytic growth of the animals, subsequently to that date, to be due to a single cycle, ** then, calling the total growth attributable to that cycle A 1, and that attributable to other cycles A~ + As, we have, from the experimental data and the property of the autocatalytic curve that x = ½A at t = 6: whence Ax = 13.2 and A, + At = 10.8. As a first approximation, then, we assume that this cycle may be represented by the following equation, of the symmetrical type. log x l == Kt (t --11) 13.2 --xi 21 This assumption was nearly correct in the case of the males, the true value of tl for the males being 10 weeks. In the case of the females, as we shall see, this provisional assvmption was considerably in error and more than one process of approximation was necessary to correct it.
22 As the subsequent calculations show, this is actually the case in females. In males, the growth due to other cycles, which is still incompleted at l0 weeks, is only 0.16 gin. This discrepancy is not sufficient to appreciably affect the fit and may readily be allowed for by a slight relative adjustment of the values of A1 and of As + Aa respectively.
2SAs the values sought are only first approximations the second decimal figure in the experimental weight for 11 weeks is neglected and the first decimal figure is converted into the nearest integer.
From the experimentally ascertained weights of the animals subsequently to 11 weeks we subtract the corresponding linear increments and the constant weight increment due to preceding cycles; that is, 10.8 gin. The residues are the experimentally ascertained values of zl. Inserting these values of xl and the corresponding values of t in the above equation, we can estimate the value of the constant K1 for each week of age from the 12th onwards. The 12th to the 20th weeks inclusive are sufficient to show the trend of the results. It is evident that the value of K1 is not constant, but diminishes, at first rapidly, and then more slowly, approaching a minimum value in the neighbourhoodof 0.06. Inspection of Fig. 1 at once suggests that the reason for this progressive alteration of the "constant" is that the true equation to this cycle is of the asymmetrical type (equation (ii)) and not of the symmetrical type as it has been assumed to be. The validity of this conclusion will later be demonstrated algebraically. Experimentally its truth can at once be shown, and a first approximation to the value of the constant B can also be obtained, by putting t ----3 (corresponding to the beginning of gestation) in the above equation and calculating xl on the assumption that the true value of K~ is that which it eventually approaches in the symmetrical equation; namely, 0.06. In this way xl, at the beginning of gestation, is found to be 2.11 gin.
The equation to the first autocatalytic cycle in the growth of females may ~.herefore now be written: xt + 2.11 log~ =K~O-tJ 13 2 + xt in which K~ and tx have now to be redetermlned. We obtain a second approximation to their values as follows:
The experimental values of z~ at 13 and 14 weeks are 7.98 and 8.47 gin. respectively. The left-hand side of the above equation becomes, therefore, 0.281 at 13 weeks, and 0.345 at 14 weeks. 24 Let y be the value of t -t~ at 13 weeks, then we have: Hence at 13 weeks -tl --4.4; so that tl ---8.6 weeks. That the value of Kx which has thus been determined is very nearly the correct one, can also be ascertained in quite a different manner. In fact we can utilise this alternative method to obtain a provisional estimate of Kx and employ this to determine B. This was the method which was actually employed in ascertaining the numerical values of the parameters of this cycle for the males.
A series of symmetrical curves of autocatalysis (of the type defined by equation (i)) having an arbitrary amplitude and varying values of K (Fig. 4) are photographed upon a lantern slide which is inserted in an enlarging camera possessing adjustments which permit varying enlargement, side-to-side and up-and-down movement, and also rotation of the slide. The curves are thus projected upon the experimental growth-chart and enlarged until their amplitude corresponds with that of the latter part of the experimental area. It is not necessary to subtract the linear increment and then redraw the experimental curve of growth, because the linear increment can readily be allowed for, to the necessary degree of accuracy, by a slight rotation of the slide and consequent tilting of the projecte d curves. The value of k for the curve which most nearly fits the latter part (subsequent to 10 weeks) of the experimental growth-area, is 0.06 for females and 0.08 for males.
The value of KI thus determined differs so little from the value (0.06) previously estimated by two totally different methods, that its 24 Any pair of times, preferably differing by 1 or 10 weeks, might have been chosen for this purpose. substantial accuracy cannot be doubted. The value of tl therefore, must also be fairly close to the correct magnitude, provided the experimental weights at 13 and 14 weeks fairly represent the general trend of the curve. These weights were chosen because they lie on a smooth and unfluctuating part of the curve with a steep curvature, so that slight errors in Xl, which greatly influence the value of A 1 -xl when this is small, would not affect the values of the parameters very greatly.
The values of A1 and of A 2 + A ~ were provisionally estimated, however, upon the basis of the assumption that t~ = 11 weeks. Since tl has now been found to be 8.6 weeks, the value of A ~ must be redetermined. Assuming the rate of autocatalytic weight-increment to be uniform between 8 and 9 weeks of age, .5 after subtraction of the corresponding linear increments, we find, by interpolation, that the experimental weight of autocatalytic origin is 15.94 gm. at 8.6 weeks. Now in the equation:
xt+ B
lOgAl --xl ----KI (t --St)
Since the experimental weight at this age is assumed to be, and very nearly is, A 2 + A s + xl we see that if 2 be added to the experimental weight this should be equal to { A 1 + A 2 + A 3. Since B has been estimated to be 2.11 gin. we have:
AI + As + As ffi 24.00 1 At + As + As = 17.00 whence: At = 14.0 and As + As = 10.0
The equation to this cycle now becomes:
xt+B log--= 0.064 (t--8.6) 14.0 --xl ~s This is almost exactly true, because a curve of autocatalysis is almost exactly a straight line in the neighbourhood of the point of maximum velocity.
GROWTlZI OF NORMAL WHITE MOUSE
Putting t = -3 weeks and X 1 = 0 we find:
Correcting the above estimate of A 1 by the employment of this value of B instead of the previous value of 2.11, we find: A1 + A~ + As ~-24.00 1 AI + As + As --17.14 whence A1 = 13.72.
Recalculating B for this new value of A i and A 1 for the new value of B, we find B = 2.36, and A ~ = 13.76, values which differ so little from the preceding approximations that further approximations would evidently be valueless. The equation to this cycle of growth now assumes the final form:
xl + 2.36 log -0.064 (t --8.6) 13.76 --xl
The values of xt from -3 weeks to the last experimental observation are now computed from this formula and subtracted from the autocatalytic residue of the total weight-accretion at each age. The remainders are the autocatalytic weight-accretions attributable to two other autocatalytic growth-processes which we will hereafter designate the second and third growth-cycles.
These remainders increase up to 9 weeks after birth and then approach a constant maximum value which, of course, fluctuates somewhat in response to fluctuations in the experimental data. If the true maximum magnitude of the growth of autocatalytic origin were, as we have hitherto assumed, 24.00 gm., then the residue, after subtracting the above-ascertained value of A j should be 10.24 gin. This estimate depended, however, only upon a limited proportion of the data, those, namely, which are subsequent to the completion of the first growth-cycle (that is, after x~ = A~ to within the attainable accuracy of the weight-averages). The subtraction of weight accretion due to this cycle, as well as the "linear process," from the experimental weights, however, renders available a much wider range of experimental values of the constant weight due to the second and third cycles, from 9 weeks, that is, until the initiation of senescence. We may take advantage of this fact to correct our estimate of A ~ + A a by averaging all the residual experimental weights after subtraction of the first cycle and the "linear process," from 9 to 90 weeks inclusive. This yields the value: A2 + As = 10.11 which is obviously more likely to be correct than the value deduced from the original estimate of A 1 + A ~ + A ~.
If the third cycle of growth is of the symmetrical type, its equation, subsequently to the conclusion of the second cycle, may be written:
where x is the experimental residual weight at time t. 26
A first approximation to the value of t, may be computed from the following data. The maximal rate of increase lies obviously at some point between the 6th and 7th weeks and somewhat closer to the 6th week than to the 7th37 The position of G, assuming the rate of increase of increment to its maximum to be equal to its rate of decrease after passing 13 the maximum, is 6 + ~ --6.3 weeks. This estimate is, however, slightly erroneous in principle, quite apart from errors introduced by the possible experimental inexactitude of individual weighings. If the second cycle has not been absolutely completed by the 5th week, then the increment during the succeeding week will be due in part to the second cycle and not wholly ~e The second cycle being assumed to have reached its maximum value (at present unknown) x is evidently A2 + xa while I0.11 = A~ + Av Substituting these values the equation reduces to the standard form:
x~ -, K* (t --It)
log At --xt 2T Because the increment from 5 to 6 weeks is greater than the increment from 7 to 8 weeks.
to the third. Estimated as due to the third cycle only, it will be too large and the position of ts, determined on the basis of this estimate, will be too early. The actual procedure adopted was to employ this value of t~ provisionally and then to determine the values of A 2 and K8 in the manner outlined below. The values of x8 were then computed and subtracted from the residual weights due to the second and third cycles, leaving those due to the second cycle only. The values of t2 and K2 were then determined, and the equation defining the second cycle was thus obtained. The values of x~ were computed for each week of age, and in this way the increment between the 5th and 6th weeks, which is attributable to the second cycle, was determined. This was subtracted from the observed total increment, tabulated above, and the position of ts was redetermined in the manner just described. In this way the corrected value of t3 was found to be 6.4 weeks. Employing this value of t3 the entire calculation was repeated. We will resume the description of the process of analysis in detail at this point, because what follows will obviously serve at the same time to describe the above process of correcting the position of t~.
The equation to the third growth-cycle may now be written:
x--A~ log----K3 (t--6.4) 10.11 --x where x --x8 + As, provided that the second cycle is completed. For the determination of A, and K8 in the above equation, two pairs of weight-estimations are required, each pair 1 week apart. The third cycle is concluded at 10 weeks so that this and subsequent weight-estimations are not available for the computation of A 2 and Ka. We must, therefore, employ the experimental weight at 5 weeks for this purpose. The inaccuracy involved lies within the probable error of the weight-estimations and does not appreciably affect the values of A = and Ka in the determination of which four weight-estimations participate equally. The error in t3 is just appreciable, because this is determined by differences between successive weight-estimations and not upon the weights themselves. That is, either A 3 = 0, which inspection of the experimental curve shows to be inadmissible, or As = 6.65, whence:
A, = 3.46
From the first of the above equations for Ks, inserting this value of A s, we obtain:
The equation to the third cycle now becomes:
Calculating the values of x3 for successive weeks and subtracting these from the residual weights for the second and third cycles, the remainders constitute the weight-accretions due to the second cycle alone.
The value of A ~ being known, the computation of the parameters t~ and K2 resolves itself into the problem of finding that value of t~ which yields the most constant values of K2. The computed values of Kl are then averaged. In this manner the equation to the second cycle is found to be: ---.---2~s ~ 0.52 (1 --1.9 ) log 6.65 --x.
The experimental growth-curve of the normal female is now completely defined. The methods employed in defining the growth-curve of the male were so similar to those already outlined that any description of them is unnecessary. The final equations for the male are as follows:
xl + 1.25 log 13.70 --xl =ffi 0.08 (t --10) -0.52 0 -1.9) l°g7 -zs log x----2---* =. 0.40 (t --6.2)
--xs dx4 --=. 0.0022 (zl + xs + xl) dt
In both males and females the second and third cycle increments at t ---3 are almost totally inappreciable. These cycles, therefore, appear to be of the symmetrical type.
The computed values of xl, x~, and xs and the "linear increments" and their sums for males and females are enumerated in Tables I and  II and compared with the experimentally ascertained weights of the animals. The calculated weights differ from the experimental weights by less than the probable error of the experimental estimate in 39 out of 59 estimations prior to senescence in the females, and in 36 out of 53 such estimations in the males. In only four instances in the female curve and three in the male, or 7 out of a total of 112 experimentally ascertained weights does the calculated weight differ from the experimental to the extent of twice the probable error of the experimental estimate itself. The algebraical sum of all the deviations of the caJculated from the experimental weights is +0.96 gin. in the females and +0.82 gin. in the male. The substantial correspondence between theory and experiment from the beginning of gestation to the occurrence of senescence is therefore unquestionable and it is evident that any subsequent knowledge which we might obtain concerning intrauterine growth, for example, or the difference between the growthcurves of the two sexes during the first 4 weeks after birth, would only necessitate very slight modifications of the parameters of the several growth-processes which have been determined in the above analysis. Such modification, if appreciable at all, might be anticipated to occur chiefly in the second growth-cycle and to be concerned mainly with sexual differences in the parameters of velocity and time (K,. and It will be dearly understood, of course, that the precise numerical values of the various parameters may be expected to differ somewhat in different strains of mice and even in different generations of the same strain. For it has been found that the growth-curve of any given generation of mice of a given strain differs somewhat from that of any other generation. ~a All that the above remarks are intended to imply is that if the additional data for the same mice were now rendered available the modifications of the parameters already determined would be of slight magnitude and mainly concern the two parameters which have been indicated.
DISCUSSION OF THE RESULTS.
The conclusions arising out of the foregoing analysis which merit special consideration at present appear to be the following.
I.
The Nomenclature of the Autocatalytic Cycles.
The cyce which has been designated the first in the foregoing analysis has been termed the third in previous publications dealing with the growth of the white mouse, n The numbering of the cyces may be made to accord with either of two principles. The principle adopted in former publications was to number the cyces 1, 2, and 3 in the order of ascending magnitudes of t~, t2, and ts, the successive positions, namely, of the centres or points of inflexion of the cYd es" The preceding analysis, however, reveals the fact that this is not necessarily the order in which the different autocatalytic cyces affect the growth of the animal. The cycle which has been herein termed the first attains its point of inflexion last of all, but it is the first to affect the development and is the longest-continued cycle, and the others are superimposed upon it. In a physiological rather than in a formal sense, therefore, it is the first autocatalytic cycle, and it is evident that the order in which autocatalytic processes will affect the growth is Robertson, T. B., and Ray, L. A., J. Biol. Chem., 1919, xxxvii, 377; Australian J. Exp. Biol. and Med. Sc., 1925, ii, 91. of the organisms in which they occur, cannot be deduced from the position of their points of inflexion unless these are taken in conjunction with the velocities, amplitudes, and asymmetry of the cycles. In other words, the order in which the several growth-cycles will affect development can only be safely inferred when all of their parameters are known. The velocity of the first cycle is relativelylow, its amplitude is large, and its asymmetry is considerable. Largely on account of this latter property, leading to an appreciable increment from the moment that it leaves the time-axis, it is the first to push forward the development of the embryo. Owing to its low velocity constant and large amplitude it is also the last to complete the autocatalytic development of the adult. Its significance in the physiology of the development of the mouse is therefore of a preponderating nature at both ends of the developmental history, but its fundamental character is probably better defined by calling it the first autocatalytic cycle than by calling it the third. The second and third autocatalytic cycles by either of the two criteria outlined above, then fall into the order indicated by the numbers assigned to them.
n.
Sexucd Differences in the Growth-Processes.
The process of "linear accretion" is slower in the female than in the male, the velocity-constants being 0.00183 and 0.00220 respectively. The velocity-constant of the first cycle is lower in the female than in the male in the proportion of 6 to 8, 29 while at the same time the asymmetry of the cycle is greater in the female than in the male, in terms of B in the ratio of 2.36 to 1.25. From what is to follow we may infer that the velocity-constant of the first autocatalytic cycle undergoes progressive diminution, the extent of which is greater in the female than in the male. It may be noted that the first growthcycle is the only autocatalytic process which is still proceeding at a measurable velocity when sexual maturity is attained and that, as in the adolescent cycle in human beings) the age of maximum growth velocity due to this cycle is earlier in the female than it is in the male. In the third growth-cycle the velocity is considerably greater in the female than in the male, the velocity-constants being 0.26 and 0.07, 29This is the ratio of the constants K1. This constant = kiAl where k, is the true velocity-constant of the process. Since the amplitude of this process is the same in both sexes the true velocity-constants stand in the same proportion to one another as the values of Ka.
respectively, but the amplitude of this cycle is greatly reduced in the female and this difference of amplitude almost wholly accounts for the difference in the adult weight of the animals.
The parameters of the second cycle are almost wholly determined by weight estimation (birth to 4 weeks inclusive) in which the sexes were not distinguished. It is quite possible therefore, that sexual differences may exist in this cycle which are masked through fitting it to data in obtaining which the sexes were grouped together. It is quite clear, nevertheless, that the amplitude ( = A 2) of this cycle must be very nearly the same for both sexes (slightly smaller in females). The amplitude of the first cycle has been found to be the same for both sexes, and the difference in the amplitudes of the third cycle for males and females almost wholly accounts for the difference of amplitude between the complete growth-curves. The residual cycle must, therefore, be of nearly the same amplitude in males and in females. The sexual differences, if any, must reside chiefly in the magnitudes of the velocity-constants and the positions of the points of inflexion.
The general effect of the female sex-character is, therefore, to retard growth or, if not to retard it to diminish its extent. From the fact that the effect of sex is greatest upon the latest cycle, and from the much greater asymmetry of the first cycle in the female than in the male, we may infer that the effect of female factors becomes greater as development proceeds (see Fig. 5 ).
III.
The Origin of Asymmetry in Growth-Cycles.
The most obvious interpretation of the constant B in the asymmetrical type of autocatalytic equation would be to suppose that it represents the magnitude of some initial "charge" of autocatalyst, which was contained within the cells (in this instance gametes) from which this growth-process originated. An alternative possibility which may, in the long run, prove to be merely a different way of regarding the same fundamental fact, would be to suppose that the asymmetry is attributable to a progressive alteration of the velocityconstant of the autocatalytic process. Thus, in the equation: dx
--= k (x + B) (a --x)
dt we may write: Now the ratio x +B approaches unity as x grows larger and it does x so more rapidly the smaller B is in comparison with the final value of x. In other words, if B is small in comparison with A, the fall of the velocity-constant will be rapid and affect only the earliest values of x. If B is large in comparison with A, the fall of the velocity-constant will be slow and affect a greater range of growth-measurements.
If a fail of specific velocity does actually occur during development then we would expect to find this factor affecting long-continued cycles, rendering them asymmetrical, while relatively brief cycles, especially those occurring after x q-B is approaching its final value, should X escape the effect and approach the symmetrical type very closely. This obviously corresponds with the outcome of the above analysis. The long-continued first cycle, which starts at conception and continues to affect growth long after sexual maturity is attained, is decidedly asymmetrical. The second and third cycles, which are brief and rapid and wholly (third) or almost wholly (second) extrauterine show no evidence of asymmetry. Asymmetry in any growthcycle may therefore be proportional to the extent of the developmental history of the organism which it participates in determining.
If we adopt this conception of asymmetry in autocatalytic growthcycles, then the relative values of kl for varying values of x~ will be proportional to the numerical values of the ratio:
The values of this ratio for males and females, and the averages for the two sexes combined, for the first 13 weeks of growth, are given in the accompanying table. It will be seen that the ratios, that is, the relative values of the velocity-constants of autocatalysis, fall off at first very rapidly and later more slowly, approaching the equilibrium value, when xl = A i. Plotting these ratios, measured vertically, for both sexes combined against the average total weights of the animals of both sexes measured horizontally, we obtain the curve indicated by the full line in Fig. 5 . If the weight of the animals were wholly attributable to the first cycle and the data were derived from one sex only, this curve would be a hyperbola, but as the weight of the animals, after birth, is contributed to by other cycles than the first, and by the linear process also, the curve which is plotted only approximates the hyperbolic outline, more closely of course, in the earlier than in the later stages of development. The curve represents the actual fall of growthvelocity in the first growth-cycle, during the early development of the animals.
The question now arises whether any other property of these animals varies in a similar manner during their development and at the same time. If so, we may suspect a close connection between these two events.
Le Breton and Schaeffer 3° have recently substituted a chemical estimate of the ratio of nucleus to cytoplasm in the cell for the older and necessarily inaccurate morphological estimates. Measurements of the relative diameters of nuclei and the cells which contain them are very difficult to interpret because, as Conklin has pointed out, 3~ the 3o Le Breton, E., and Schaeffer, G., Variations biochimiques du rapport nucleoplasmatique au cours du developpement embryorlrlaire, Travaux de l'Institut de physiologie, Facult6 de m6dicine de Stras'~ourg, Paris, 1923. 39 Conklin, E. G., J. Exp. Zool., 1912, xii, 1. composition of the nucleus varies with the stage of its development which it has reached. The discovery of the relationship of the chromosomes to the transmission of many inheritable characters strongly suggests that the stainable elements in the nucleus, which are nucleic acids, a2 are closely associated with factors which are capable of controlling or modifying development. The nucleus, however, contains other substances besides nucleic acids, and we do not know what relationship these substances bear to the essential functions of the nucleus in development. Measurement of the total volume of the nucleus may, therefore, be a very imperfect index of its physiological significance in controlling and modifying growth. Direct measurement of nucleic acid content would be more likely to yield such an index. This Le Breton and Schaeffer have sought to accomplish by estimating the amino-purine content of the entire animal, in proportion to its protein content at various stages of its development. The amino-purines, so far as we at present know occur wholly, or almost wholly, within the nucleus. The proteins are characteristic cytoplasmic constituents ~ and probably represent the actual mass of cytoplasm better than its volume, which must vary with its content of water. The ratio of these two estimates may be expected to yield therefore, a more consistent measure of the nucleo-cytoplasmic ratio than any which has hitherto been available. In Fig. 6 the data for mice obtained by Le Breton and Schaeffer are represented by the discontinuous curve, the actual measurements being represented by crosses. The scale of ordinates for this curve is so chosen that it passes through the first point (t = -2 weeks) on the curve representing the fall of the relative values of kl with increasing weight of the animals. The scale of abscissae is, of course, the same for both curves. The close similarity of the two curves is apparent and it is especially significant that they turn rather sharply, approaching their equilibrium-values, at the same stage of development of the animals, corresponding to a total weight of 3 gm.
No closer correspondence between the two sets of data could be expected when we reflect that they were derived, not only from different animals, but from unrelated strains. The numbers of animals employed by Le Breton and Schaeffer were relatively small and the experimental error in the estimation of their average weights must, a2 Mathews, A. P., Am. J. Physiol., 1898, i, 445. as Abderhalden, E., and Kashiwado, T., Z. physiol. Chem., 1912, lxxxi, 287 . On the other hand, the weight reported by Le Breton and Schaeffer for mice which are 19 days old is considerably below that indicated by previous observers. If, therefore, the nucleo-cytoplasmic ratio depends upon the age rather than upon the weight of the individual animal, or if it depends in part upon age and in part upon weight, then to correspond with the data reported in this paper, the absdssas for the earlier estimations of nucleo-cytoplasmic ratio by Le Breton and Schaeffer should be shortened. This would obviously tend to increase the correspondence between the two curves. It appears, therefore, that the velocity-constant of autocatalysis in the growth of mice is proportional or nearly proportional to the nucleo-cytoplasmic ratio. During the second and third cycles it is nearly constant, because these cycles are so brief that the alteration of nucleo-cytoplasmic ratio during the period of growth induced by them is of unimportant magnitude. ~ The long duration and early beginning of the first cycle carries it through the whole period of rapid alteration of the nucleo-cytoplasmic ratio. The velocity-constant of this cycle therefore fails, at first rapidly and later very slowly. This fall finds expression in the asymmetry of the autocatalytic curve which fits the cycle.
IV.
The Measurement and Origin of Senescent Loss of Weight.
Subsequently to about 90 to 95 weeks of age mice suffer a progressive and rather rapid loss of weight, culminating in the eventual death of the animals. It would be important to measure this loss and to define quantitatively its relationship to age. Several important difficulties stand in the way of such measurements, however, and at the present moment there appear to be no data available for the quantitative estimation of senescence. In the first place, if the animals are still growing during the period which immediately precedes senescence, we may assume that they would probably have continued to grow if senescence had not supervened and masked the growth. The true measure of senescence is then, not loss of weight in comparison with the weight at the initiation of senescence, but loss of weight in comparison with that which the animals would have attained if they had continued to grow. The prolongation of the calculated curve of growth beyond the point at which it permanently emerges from the growth-area enables us to estimate the senescence of the then-surviving animals in terms of the distance between the calculated curve and the centre of the growth-area. Even this, however, fails to afford us a reliable measure of senescent loss of weight, owing to the continuously varying genetic composition of the animals which remain available for measurement at this age.
It has previously been shown by Robertson and Ray ~ that the 34 Unimportant, that is, when considered in relation to the attainable degree of accuracy of the weight-estimations.
a~ Robertson, T. B., and Ray, L. A., Y. Biol. Chem., 1920, xlii, 71. growth of animals which live to beyond the average duration of life for their generation, differs quite appreciably from the growth of animals which die prior to the average duration of life. In other words, the parameters of growth are not identical for all of the animals, the values determined above are averages and not necessarily applicable to any given individual, and these parameters are correlated in some degree with longevity. Up to about 500 days of age only an insignificant proportion of deaths occur, hence for this period, that is during the whole of the period covered by the estimations which are employed for the determination of the growth-parameters, the composition of the experimental group remains unaltered. Subsequently to this age, however, the selective deaths of animals of low lifeduration leave a residue which differs, presumably in consequence of characters of hereditary origin, from the former average of the group. The growth-parameters of these residual animals must differ to some extent from those of the original group. As deaths increase in number and frequency, especially after the expiry of the mean duration of life, the composition of the group must depart more and more from the average which determined the parameters of the calculated curve. The calculated curve of growth, therefore, does not represent the growth history of the survivors among senescent animals. This lack of fit must increase as senescence progresses, so that the loss of weight of the survivors, even if computed on the basis of the continuations of the growth-curve of the group of which they were members, affords no true picture of senescence. The only correct way of estimating senescence would be to start a growth-experiment with so large a number of animals that the number of survivors into and throughout some advanced period of life, such, for example, as the period between 800 to 900 days, would be so great that the parameters of their growth-curve could be separately estimated to at least that degree of accuracy which is attained in the foregoing analysis. Then the distance between the continuation of the calculated curve and the centres of the experimental area would give a fairly true picture of the relationship of senescent weight-loss to age. To accomplish this with the animals employed to obtain the growth estimates used in the above analysis would have required an initial experimental stock of 240 males and 900 females, or 1140 in all, as compared with 72 which were actually employed. A further difficulty which would then arise, however, would be this: that animals which survive to such an advanced age probably do so for the reason that in their cases the onset of senescence is delayed, so that at the best we could hope for no more than a true picture of the earliest stages of senescent loss of weight.
A consideration to which attention was directed in the introductory portion of this paper suggests a possible origin of senescence which is very similar to a suggestion which has been advanced on theoretical grounds elsewhere? It was shown above that the autocatalytic cycles which are distinguishable in the total growth of animals cannot share a common product, which is proportional to the autocatalyst because otherwise they would fuse indistinguishably into a single autocatalytic cycle in which the velocity-constant, k becomes kt + k~ + k3 + .. in each case the attainable weight being mainly determined by the later and more rapid cycles of relatively small amplitude. 33 The breakdown or removal of the conditions which originally led to the appearance of separable autocatalytic cycles in the growth of the animals, ~ therefore, would necessarily result in a great loss of weight and consequent impairment of tissue, so that a partial or progressive breakdown of these original conditions might satisfactorily account for the phenomena which characterise senescence.
SUMMARY.
1. The several growth-cycles which are distinguishable in the growth of an animal or plant are mutually independent in that they do not share a common catalyser.
2. The growth of the white mouse has been shown to consist of three autocatalytic processes and one "linear process" of weightaccretion. The parameters of these processes have been evaluated for one strain and generation of mice.
3. The first and most extensive autocatalytic process is asymmetrical, being defined by an equation of the type:
The second and third cycles, which are more rapid and do not begin to affect the growth of the animal until a later stage of development, are symmetrical, being defined by equations of the type:
4. The amplitude of the first autocatalytic growth-cycle in the mouse is almost the same in males and females, but the moment of maximum growth-velocity in the female anticipates that in the male, the velocity constant is smaller in the female, and the asymmetry estimated by the magnitude of the constant B, is greater in the female than in the male.
5. The amplitude of the second cycle is almost the same in males and females, but data are as yet lacking which would enable us to ascertain whether the velocity-constant and moments of maximum growth-velocity in this cycle differ ill the two sexes or not.
s7 The same reasoning applies, of course, to the "linear process" of weightaccretion. The breakdown of the independence of this process, however, would probably he insufficient, by itself, to account for the observed losses of weight and, besides, we do not yet know that it occurs in other animals, while senescence occurs in all.
6. The amplitude of the third cycle is much less in the female than in the male, and this difference of amplitude almost wholly accounts for the difference of adult weight in the two sexes. The velocityconstant of the third cycle is, however, greater in the female than in the male. Maximum growth velocity due to this cycle is attained at very nearly the same age in both sexes.
7. The origin of asymmetry in autocatalytic growth-processes is discussed. It is pointed out that asymmetry might originate in a progressive diminution of the velocity-constant. If this is the origin of the asymmetry of the first growth-cycle in the mouse, then it is shown that the velocity constant of autocatalysis in this cycle must be very nearly proportional to the nucleo-cytoplasmic ratio, as estimated by the chemical method of Le Breton and Schaeffer.
8. It is pointed out that no reliable measure of senescent loss of weight is available at present. It is shown that removal or decay of those conditions which initially maintain the separability of the growth-cycles which collectively constitute the growth of the white mouse would necessarily result in loss of weight. 
